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Nonlinear Sigma models in two dimensions on general target spaces have given inumerable 
physical insights in to various branches of Physics and Mathematics. Supersymmetric exten¬ 
sion of bosonic sigma models unfolded new avenues in the study of complex geometry. In 
particular, extension to A/” = 2 supersymmetry forces the target manifold to be Kahler [l]-[4], 
which plays a crucial role in showing the consistency of these sigma models at the quantum 
level. The importance of the sigma model approach to the study of string compactihcations 
on Ricci-flat Kahler manifolds (otherwise Calabi-yau manifolds) and also string propagation in 
arbitrary background helds is well known. Due to such varied interests, Non-commutative [5] 
deformations of these sigma models have also been actively pursued [6]. 

Recently, the emergence of a new non(anti)commutative superspace deformation has opened 
up an interesting arena, ensuing from Dijkgraaf-Vafa relations and the consideration of super¬ 
strings in graviphoton background helds [7, 8, 9]. However, it turns out that such a superspace 
deformation is only possible in a Euclidean space [10]. Following the work in [8], various as¬ 
pects of supersymmetric theories with non (anti) commutative deformation are being actively 
investigated. Here, one only retains half of the supersymmetry generators of the theory. For 
other kinds of supersymmetric deformations and harmonic superspace approaches see [11, 12]. 

To understand the conformal structure of non(anti)commutative theories in two dimensions, 
we studied the classical aspects of a-models dehned on non(anti)commutative (NAC) super¬ 
space with a general Kahler potential [13, 14]. It was shown that due to the NAC deformation, 
the classical action has inhnitely many terms. Despite this fact, it is possible to write down 
the action in a closed form, after identifying the emergence of a series expansion in the NAC 
parameter. However, in its present form, the action appears complicated and is inaccessible 
even in the classical domain. Moreover, the auxiliary helds cannot be eliminated directly, due 
to the inhnite series. On the otherhand, to prove the consistency of these NAC a-models, it 
is important to establish various results, such as quantum renormalizability, conformal invari¬ 
ance etc.. Conformal invariance for instance, is essential to obtain the equations of motion of 
superstrings propagating in arbitrary background helds. 

To understand such interesting aspects, in this letter, we show that the inhnite series in 
the classical action of the NAC sigma models can be resummed and in the resulting action 
the target space appears smeared. We argue that the new form of the action establishes a 
good connection with the (7 = 0 a-models and may turn out be useful in drawing important 
conclusions about the quantum and conformal structure. 

Note added: During the hnal stages of this draft, ref. [15] appeared on the arXiv, where 
the resummation of the action with superpotential terms is discussed and the smearing of the 
target space is understood as deformation of Zumino’s lagrangian. 

We follow the notations of [14]. The 2D superspace variables are and y^,y^ 

stand for the chiral coordinates. The world-sheet is deformed as: 

( 1 ) 


1 



where a,j3 run over . Rest of the (anti)commutation relations between 6,d,x^,x^ are 
zero |8, 14], The V = 2 supersymmetry generators ^^± A) 
satisfy, 

{Qa,Qa} = -2t(^±|j). (2) 

but, {Q±, Q±} 7^ 0, which is due to the nonlinearity of Q’s. As a result we only work with the 
Af = 1/2 supersymmetry generators, Q±. Here, we also note that the superspace deformation 
in eqn. (1), is only possible in Euclidean space and there are no complex conjugation conditions 
on any fields [17, 18, 14], 

The component form of the M = 2 u-model action with a superspace deformation as given 
in eqn. (1), can be derived from a superspace integral over the Kahler potential. Details of the 
derivation are given in [13, 14] and below we only quote the hnal result: 
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where <h* and are the Af = 2 superhelds and the scalar function /C is the Kahler potential 

X 


Further, we have for convenience, (, = | (a;° — x^) — i6 6 , ( = | {x^ + x^) — iO^O^. We also 

Q{n+m)jQ 


have the notation: 

/C 


ili2-*„ili2-Jm d^ild^i2 . . . d^ir,Q^hQ^j2 . . . Q^jm I <!-* = A = ’ (^) 

for the derivatives of the Kahler potential with respect to the chiral and anti-chiral superhelds 
evaluated at <h* = 0* and 4>* = (ff. The above action for the non(anti)commutative a-models 
is a series expansion in (detC). Despite the presence of inhnite terms, the action (3) has been 
shown be invariant under the Af = 1/2 supersymmetry of the theory [13], which is a further 
check that the action in the component form is correct. 

For the special case of C = 0, the action in eqn. (3) reduces to the standard Af = 2(T-model 
action. In that case, it is possible to eliminate the auxiliary helds by their equations of motion, 
given as: 

= (5) 

with a similar relation for F. The resulting non-linear a model action takes the form: 
lo = [ d^x [ gfj - tfftf’ftfitf+nfkn 


( 6 ) 
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with the covariant derivative dehned as 9^-0^ and similarly for 

Here, gij = didjJC corresponds to the background metric, F*^ denote the Christoffel symbols 
and TZjkii is the Riemann curvature tensor of the target manifold. However, due to the inhnite 
number of terms in the C ^ 0 sigma model action (3), solving for the auxiliary helds seems 
difficult [14], Here, we would first like to show that F still satisfies a non-trivial constraint 
equation, although this is not obvious from the order action in (3). 

It is possible to write down terms in the action to a particular order in (det C). Thus 
I = Iq + Ic, to order (det C) can be written as: 

I = J (fx + F'^F^)gij + 

X F,^.^ + + (det C) F^ 

X —+ '4)^_'ipl'4)'^'4)XdpdqdiT - -F^d^-d^-(tiPTpY - - 
X + F^F^F^)dpV^f^ - ^ dpT^k 

- i - F^'tp{i)^^d^-^^)dpdqTfY ] ■ (7) 

For lucidity, we conhne the discussion to terms in the action to first order in (det C) as given 
in eqn. (7). Generalization to all orders can be easily done. After some rearrangement, the 
action takes the form: 

I = jdPx[ + (det G) F^ F,,j 

+ i qfj + \ FW^-^d^-(j)^ dpTYfk + ^ i^'Li^+d^-(j)^dt;-(j)^dpdqTfY} 

+ {i%l)''_dc^-%i}L + + F'-F^^gfj + %l)''_%l)i^F^V + (*■?/>(_ V’-<9^-0^ + (j)’' 

- . (8) 

Here, new geometric quantities with an additional tilde as seen in eqn. (8), are redehned. For 
instance, the metric is redehned as: 

9ij = 9ij - ^(det C)F^F^dpdqgq. (9) 

and for the Christoffel symbols in the action (8), we have the new dehnition: 

Tun = - ^(det C)F^F^dpdqT,Y (10) 

At this stage, the results in eqns. (9) and (10) follow from the rearrangement done in the 
action (8). However, it is not clear whether one can independently calculate the Christoffels 
from the redehned metric given in eqn. (9) and show that it is identical to the result in eqn. 
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(10). We comment more on this issue later on. This check is infact important, as it elucidates 
whether the C-deformation on the worldsheet induces any kind of torsion terms on the target 
space manifold. 

In the action (8), most of the terms proportional to (det C) have been rearranged in such a 
way that, they only modify the geometric quantities of the zeroth order action. However, some 
terms involving the derivatives of bosonic scalar fields are left untouched. These terms can be 
rearranged by doing partial integrations as shown below: 

d^- (9^- 4P Tpqj = -d^-^^diTpgj - d^- (11) 


Doing similar partial integration on other terms, we arrive at: 


I = (fx 


^ (gg - (detc) fUjf’ 




+ W.dg-i,t + + F‘P)g,j + 


( 12 ) 


To simplify the action further, let us now look at the equation of motion of the auxiliary fields. 
Due to the various powers of the auxiliary field F appearing in the above action, equation of 
motion of F cannot be derived directly. The equation of motion of F at first order in (det C) 
can however be shown to be^ (after renaming some dummy indices): 


gijF' + ipH’+Tui = 0 - 


(13) 


This is infact quite similar to the solution for F to lowest order in (det C) given in eqn. (5); 
but not quite the same, as various geometric quantities are redefined. If one naively attempts 
to check whether the lowest order solution can still work, i.e., by substituting the result of eqn. 
(5) in (13), one finds a non-zero piece of the kind |(det C)FPF'^'^Lt/’+ 

Thus, in a nutshell, we have found an exact solution to the equations of motion of auxiliary 
field F, in terms of new geometric quantities. Later we will argue that eqn. (13) is in fact an 
all order solution for F. 

In order to simplify the action further, terms bilinear in the bosonic fields have to be 
understood. For this, we recollect that the classical action for non(anti)commutative sigma 
model can be divided in to two parts I = lo + h, where lo and Ic are the C-independent and 
the C-dependent parts respectively. lo is neatly summarized in eqn. (6) and Ic can deduced 
from eqn. (3). We note that Jo and Ic can be shown to be independenly invariant under 
Af = 1/2 supersymmetry of the theory [13], and can be dealt seperately. We now use this fact 
to derive the equation of motion of auxiliary field F for the C-dependent and C-independent 

^Solutions to auxiliary fields in four dimensions have also been discussed in [19, 20] 
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parts seperately, from eqn. (13). Collecting terms proportional to zeroth and first order in 
(detC) on both sides of eqn. (13), we have respectively: 


= 


( 14 ) 

dpdqQfjF^ = 

-'ip’l'ip+dpdqTkij. 

( 15 ) 


Thus, using eqn. (15) in eqn. (12), the M = 2 non(anti)commutative a-model action takes the 
standard form; 


I = 


(fx {^d^-(t)''dQ-(tP + '^dc_-(t)^d^-(tP + + ?■?/’+'^ 5 -V’+ + F^F^)9ij + 


X ^ifk + (i^hV’-'9c-0 + ffk + (^/’h^_^+^+)/Ci^-M 


(16) 


The fact that the non (anti) commutative sigma model action in eqn. (16) is of the same form as 
the (7 = 0 (T-model action is really intriguing. Notice however, that all the geometric quantities 
are redehned and contain (7-dependent terms explicitly. For instance, the new metric is related 
to the old metric by the addition of higher derivative (7-dependent terms, as seen in eqn. 
(9). Thus, in the process of simplyfying the sigma model action, terms ensuing from the 
(7-deformation on the worldsheet have been transfered to the target space geometry. 

To be precise, in the action (16), the redefined target space metric apperas fuzzy. This is 
rather counter intuitive, as only the fermionic coordinates on the world-sheet are deformed by 
the relations in eqn. (1). If the deformation was introduced for the bosonic coordinates, then 
the bosonic components of the chiral superhelds will have to be multiplied using a new star 
product, which have the effect of making the target space geometry fuzzy. However, in the 
present case, the bosonic helds which act as target space coordinates do not get affected by the 
deformation (1). In the following, we see whether going over to appropriate normal coordinates 
can undo the smearing of the target space geometry due to the deformation terms. 

Although, the analysis so far was for the sigma model action to hrst order in (det(7), it 
is straightforward to generalize the results to the full action. The partial integrations pointed 
out in eqn. (11) can be carried over in a similar way. However, there will still be one piece 
remaining as in eqn. (12). In general, the bosonic part of the action will look as follows: 


/* r 1 _ 1 _ 

/ <exU-8f-4''d^-i^ + -d^-4,%.4^) (g,j + i:(detC)" (-irF”F“ ... 

^ ^ n=l 
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I ('2n + 1) 




}) 


( 17 ) 


To get the bosonic part in the standard form, one has to derive the equation of motion of 
auxiliary helds for the all order action in eqn. (3). 

We claim that the auxiliary held F still satishes the same constraint equation as given in 
eqn. (5). However, various geometric quantities such as metric and christohels will now contain 
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many higher derivative terms in the deformation parameter C. One can show this explicitly 
and we argue it to be so, by looking at the following term in the all order action in eqn. (3): 

/* J7'^2 . . . . . _ . . _ _ , 

^(det cn-ir cPx 

n=0 -‘-h 

(18) 

From the above equation, one can first deduce how the various geometric quantities get rede- 
hned. For example, the metric picks up many new O-dependent terms and takes the general 
form: 

oo /_ 1 \n 

9.J -9.1+ E (19) 

where, as mentioned before, the subscripts of metric g after the comma, indicate derivatives 
with respect to the corresponding chiral superheld, evaluated at <h = 0. One can check the 
validity of the general form given in eqn. (19), by analyzing other terms in the action (3). The 
result in eqn. (9) can be obtained as a special case of n = 1 from eqn. (19). 

To summarize, the all order action in eqn. (3) can be rewritten as in eqn. (12) and the 
auxiliary held equations take the general form as in eqn. (13). To rearrange the bosonic part of 
the action, it is possible to derive relations similar to the ones given in eqns. (14) and (15), at 
every order in (detO). Hence, at order (detC*)"^, F satisfes the following constraint equation: 

F" ( 20 ) 

Thus, by redehning certain geometric quantities the complicated looking action (3) with 
inhnite terms reduces to an extremly simple form and can be written succintly as in eqn. (16). 
Since, the terms dependent on (det C) are not present in the action explicitly, one can eliminate 
the auxiliary helds F and F by their standard equations of motion. However, to show that 

the classical action for non(anti)commutative sigma model takes the hnal form as given in eqn. 

(6), one needs to derive the inverse of new metric given in eqn. (19). Further, with the new 
metric, one also has to show that F^^ = g^^Tf^Q. These issues are important in understanding 
the Ricci-hatness conditions of the non(anti)commutative sigma models. 

Now, in terms of new coordinates, the action takes a form manifestly invariant under general 
coordinate transformations. However, the covariance of the action has to be explicitly shown, 
as the transformation properties of the new geometric quantities as given in eqn. (19) are 
not clear. Since the NAC sigma model action takes a standard form, it can also be shown 
to be invariant under the standard M = 2 supersymmetry transformations. This signihes the 
presence of enhanced supersymmetry in the theory and should be of interest^ Thus, in some 
sense, we have recovered the standard M = 2 sigma model action on non(anti)commutative 
superspace^, albeit with redefined geometric quantities. 

H wish to thank R. Gopakumar for pointing this to me. 

§For other discussions on this point see [16, 18, 23]. 
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Let us try to understand eqn. (19) more carefully. One notices that there are various powers 
of (detC* which can be written in terms of superhelds as follows: 

detOF^ = detc'(g+g_L)(g+g_L). (21) 

Here (g+ Q- L) by itself is a new superheld and can appear in the action, since we only retain 
A/” = 1/2 supersymmetry [18]. Notice that we could have also chosen / (P9 L{Q+ L) for 
the superheld form. However at higher orders, this form does not reproduce higher powers of 
(det F)F^. Further, due to integration over half of superspace, it is an F-type term and can only 
arise from the superpotential in two dimensions. In this work we do not consider superpotential 
terms in the action. However, the resummation also works for the superpotential terms, as has 
been discussed in [15]. 

One should keep in mind that on a non(anti)commutative superspace, F and D terms are 
indistinguishable [16, 18], as new superhelds of the kind 99R etc., can be formed. Using this, 
one can change a F-term, e.g., / (P‘9(P‘9L * {99R) to an F-term / d^9 L * R. This should be 
compared with the case in four dimensions, where the natural combination is (det C F^) and 
one adds an extra factor of L in eqn. (21). As a result, one requires an additional superspace 
integral over half of the superspace which gives rise to an F-type term and the NAG action can 
be written without using start product at the classical level. But, at the quantum level there 
are new terms which do not have classical counterparts [16, 18]. New terms in the ehective 
action can arise from the new vertex and signihcantly modify the renormalization properties of 
the theory at the quantum level [21, 22]. It should be interesting to explore these effects in the 
two dimensions as well. 

Though, we have been working with the component form of the action, for rest of the 
analysis it will be convenient to work with the superheld form of the action. Using relation 
(21) we can write the redehned metric (19) as: 

= m + Y. (d 9 t cr 10+ Q- Lf" (22) 

Further, one can rewrite the non(anti)commutative sigma model action given in eqn. (16), in 
terms of the superhelds as follows (after some partial integrations): 

Io= J d^xd^9[^V*R^~g,j + + ^V*R^*R^t,j-, + •■■]. (23) 

To explore the relation between g and g, let us consider the hrst term in the action (23). In 
other words, we multiply both sides of eqn. (22) by L® * R^ and explicitly write down the hrst 
few terms in eqn. (22) as: 

g^ u * R^ = g.j u * ^ (g+g.^)*^ * (g+g.^)*^ * o,, f,,^^ 

+ i (g+g-L)®® * (g+g.L)®^ * {q+Q-lY^ * {Q+Q-lY^ * 

X F*R^d,AA.^n,] + ■■■■ (24) 
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Renaming some dummy indices, we finally arrive at: 


9,j L- » = 9„.t |L” + i (Q+Q-L)" » (Q+Q-L)'^ » L‘ 8 ,, r„,j 9”^ + i (Q+Q_i)‘‘ 

X »(Q+Q_L)“ » (Q+Q_L)'» » (Q+Q-L)" » L'd.AA, r„J 9™' +■••]» fi'. 

00-1 

= 9„f |i” + E n +1M (Q+Q-L)"” L"”+‘] » fi', (25) 

n=l + -‘-fi 

We rewrite the the quantity in square brackets in eqn. (25) as: 


71 


= l^ + j2 


=1 (2n+ 1)! 


9”"a„.....,.+.K,.+;(Q+Q_L)"”L"”+‘, 


( 26 ) 


and note that there are no star products in the definition of tt. The new coordinates tt resemble 
the Kahler normal coordinates which were introduced in ref. [24], These normal coordinates 
have the advantage that they transform as holomorphic tangent vectors at the origin. However, 
in our case it remains to be seen whether tt’s can be taken as new normal coordinates. 

In ref. [24], using mathematical induction it was explicitly shown that tt’s transform as 
holomorphic tangent vectors on the target Kahler manifold. However, for the present case 
the proof does not go through, due to the presence of auxliary fields in the new coordinates. 
Notice, we have many factors of {Q+Q-L) = F appearing in eqn. (26). We know that, under 
a general coordinate transformation of the target space manifold given as, ^'{x,6,d) = /(*h), 
the auxiliary field F transforms as: 


F'^{x) 


df{(j){x)) . _ l d^f{(j){x)) j + 

d(j)^ 2 d(j)^d(j)^ ^ 


(27) 


Although it is still true that in eqn. (26), the generalized connection A5j^j2'"i2n+iJ transforms 
as in the standard case [24], the auxiliary fields transformations have an inhomogenious piece 
in fermions. In the proof outlined in [24], instead of {Q+Q-L) one has various powers of L, 
which transform smoothly (see Appendix C. of [24]). One can explicitly show that tt’s do not 
transform as holomorphic tangent vectors on the target manifold. 

The above analysis suggests that tt’s cannot be taken as new normal coordinates. Also, it is 
not possible to remove the deformation terms in the eqn. (19), by doing any kind of holomorphic 
coordinate transformation of the target manifold. This asserts that, the deformation of target 
space due to terms dependent on various powers of auxliary field F and (det C), is a generic 
feature of non(anti)commutative sigma models. 

The redefinition of the target space metric can also be understood as the redefinition of 
the Kahler potential itself, as discussed in [15]. All the C-dependent terms appearing in the 
redefined geometric quantities are non-covariant. The advantage of working with Kahler normal 
coordinates is that all the terms appearing in the expansion are guaranteed to be covariant. 
Thus, working with proper Kahler normal coordinates and looking at the expansions of various 



geometric quantities to a few orders, might give a hint of the smearing of the target space [24, 
14]. 

Due to the redehnition of various geometric quantities, the symmetry between the holo- 
morphic and anti-holomophic terms in the action is formally restored. This symmetry was 
previously absent, as various powers of (detC) appeared with powers of F, but there were no 
corresponding F pieces in the action (3). Since, the non(anti)commtuative sigma model action 
takes a standard form, it should be possible to extend the results of C = 0 sigma models, such 
as quantum renormalizability and conformal invariance to the present case as well. 

To take an example, for the standard sigma models at the quantum level, the one-loop 
/5-function goes as kTr Ing, where /c is a constant. Now, for the present case, there are no 
additional vertices at the quantum level, unlike the four dimensional case where (det CF^) leads 
to many new features. Further, since the /5-function calculation only depends on the metric, it is 
tempting to identify the beta function of the non (anti) commutative sigma models with that of 
the standard sigma models, where g is replaced by g. It should be interesting to hnd out how the 
Ricci flat conditions look like, in terms of new geometric quantities. Especially, how do the terms 
dependent on C modify the conformal invariance conditions of the non(anti)commutative sigma 
models. However, to make concrete progress, the smearing of the target space quantities due 
the terms dependent on C and the transformation properties of g have to be better understood. 
It is also essential to derive various geometric quantities starting from g and show that they 
are globally well dehned on the target manifold [25]. Further, one should note that the sigma 
models studied here are inherently of Euclidean nature and it is interesting to understand how 
to surpass the conditions in [10] to dehne the same on minkowski spaces. 
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